The lag model proposed by Olsen and Coakley 1 is incorporated into the baseline two-equation k-ω turbulence model to simulate the transonic and supersonic turbulent separated flow. The performances of the lagged k-ω turbulence model is assessed by computing two transonic airfoil flow cases, the RAE2822 Case 10 and the 18% thick double circular arc airfoil, and a separated nozzle flow. The computational results show that for the flow cases with strong separation, the implementation of the lag model improves the results; while for the attached flow cases, the influence of the lag model is not significant.
INTRODUCTION
The computation of turbulent separated flow is a challenge for current one and two-equation turbulence models. The difficulty is the inability to account directly for non-equilibrium effects such as those encountered in large pressure gradients involving separation and shockwaves. A new class of model was proposed by Olsen & Coakley 1 , which is termed the lag model. The basic idea of the lag model is to take a baseline two-equation model and couple it with a third (lag) equation to model the non-equilibrium effects for the eddy viscosity.
The aim of the present work is to examine the performance of the lag method for transonic and supersonic separated flows. The lag model is here incorporated into the flow code developed by Liu and Ji 3 for solving the coupled Navier-Stokes equations and the k-ω two-equation turbulence model equations by a fully implicit time-accurate multigrid method. Three test cases, i.e.: a steady transonic flow over the RAE 2822 airfoil, a steady and unsteady transonic flow over an 18% thick biconvex circular-arc airfoil, and a separated nozzle flow are investigated. The present study complements our previous studies that indicate significant improvements for steady and unsteady separated flows in a transonic nozzle.
In the following sections, the mathematical model and the numerical solution of these models are outlined. This is followed by the discussion of the numerical results. The conclusions will be made in the final section. 
MATHEMATICAL MODELING AND NUMERICAL METHODS FOR SIMULATION
The term γ is the ratio of specific heats. Other quantities are defined in the following equations:
Where and are the laminar and turbulent Prandtl numbers, respectively. The other coefficients are:
It is known that, conventional one-and two-equation turbulence models generate Reynolds stresses that respond too rapidly to changes in mean flow conditions partially due to the need to accurately reproduce equilibrium flows. Therefore, these baseline turbulence models give unsatisfactory results for flows with significant separation under adverse pressure gradients or across shock waves. In the above formulation Eqns (1-6), the standard k-ω turbulent model is kept unchanged. However, the k and ω are only used to predict the 'equilibrium' eddy viscosity tE ν . An additional equation, Eqn. (6), is used to predict the actual eddy viscosity t ν . This lag equation is essentially a relaxation model intended to account for memory effects of the turbulence eddy viscosity in adjusting to its local equilibrium value. On the other hand, it is shown by Olsen and Coakley 1 that Eqn. (6) is decoupled from the k and ω equations for such equilibrium turbulence flows as the decay of isotropic homogeneous turbulence and fully developed channel flows.
The basic numerical method used to solve the above system of equations in this paper follows that described in detail by Liu and Ji 3 . The integral forms of the conservation equations are discretized on quadrilateral cells using the finite volume approach. A staggered scheme is used for the coupling of Navier-Stokes equations, the k-ω and lag equations. A central difference scheme is used to discretize the diffusive terms and an upwind Roe's scheme is used for convective terms in the Navier-Stokes and the k-ω equations.
For the lag model, the spatial discretization is the same as the k-ω model. The source term at the right-hand side of the lag equation is a nonlinear term, the explicit time marching formula for the k, ω and υ t equations within each stage of a multistage time-stepping scheme is modified to treat the source terms implicitly. ( After being discretized in space, the governing equations are reduced to a set of ordinary differential equations with only derivatives in time.
where , is the volume of the i, j cell and is the residual which is obtained by evaluating the flux integral in Eqns (1-6).
[
The dual time stepping method proposed by Jameson 5 is adopted here for the time discretization. The method uses an implicit physical time discretization. At each physical time step, the equations are integrated in a pseudo-time to obtain the solution to the steady state in pseudo-time.
To obtain a fully-implicit algorithm, Eqn. (16) (19) and march to steady-state in a fictitious time with the following system of ordinary differential equations:
Within each real time step, the set of ordinary differential Equations (20) is solved using a explicit five-stage Runge-Kutta scheme. To accelerate the convergence, unsteady multigrid method proposed by Jameson 4 and further implemented by Liu and Ji 3 is applied in the present study for all equations corresponding to Eqns (1)-(6) in a coupled fashion.
RESULTS AND DISCUSSIONS
The numerical method presented above is applied to three sets of problems namely the steady transonic flow over the RAE2822 airfoil (Cook et al. 
Steady Transonic flow over RAE2822
Since the main purpose of the present study is to investigate the effect of the lag model on shock induced separation, only the test case denoted as Case 10 by Cook et al.
5 is used. Cook et al. 5 reported that the shock in Case 10 is sufficiently strong to induce flow separation after the shock. The experimental flow parameters obtained in the wind tunnel are: Ma=0.75, Re=6.2x10 6 , α=3.19°. Turbulent transition in the experiments is induced by tripping the flow near the leading edge of the airfoil at x/c=0.03 on both the upper and lower surfaces of the airfoil. To compare the experimental data with the computed flow around the airfoil in free-flight conditions, corrections to the tunnel data are suggested (Kral 6 , Haase et. al. 7 , Haase 8 and Thomas et. al. 9 ). The flow conditions used in the current computations adopt those as used in the EUROVAL project (Haase et. al. 7 ). For Case 10, Ma=0.754, Re=6.2x10 6 , α=2.57°.
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The mesh for the present computation is a C-mesh, which extends 20 chord lengths in all directions. The mesh consists of 384x64 cells with 256 cells on the airfoil surface. The average y+ value of the first cell above the wall is less than 1. Fig.1 shows the typical convergence history for mass, ρk, ρω and ρυ t for the RAE2822 Case 10 using 3 multigrid levels and a CFL number of 8. Within 500 multigrid cycles, the residual of ρk, ρω and ρυ t equation is reduced by two to three magnitudes while the residual of mass equation is reduces by 4-5 orders.
The comparison of computed pressure coefficient, Cp, with experimental data is shown in Fig. 2 . Neither of computations with or without inclusion of the lag model is able to accurately predict the shock location. The predicted shock location is too far downstream compared to the experimental data. Fig. 3 shows the comparison of the calculated skin friction coefficient, Cf, distribution with experimental data. It is noted that the skin friction on the pressure side of the airfoil predicted by the baseline k-ω model is almost the same as that predicted by the lag model. On the upstream side of the airfoil, the skin friction predicted by the lag model is slightly smaller than that by the baseline model. Both results with and without the lag model predict similar sizes of the separated flow zone, which starts downstream from the shock and reattaches at the rear of the airfoil.
The predictions of the lift and drag coefficients Cl and Cd are listed in Table 1 along with experimental data. The drag and lift predictions with the lag model are better than without the lag model but comparatively cannot be considered as significant improvements. Larger differences can be observed at x/c=0.574 which reflects the differences in the computed shock location.
The positions x/c=0.65 and 0.75 lie downstream of the shock and flow separation occurs at x/c=0.65. The results in Fig.4(c) show that the flow after the separation is not well predicted. The prediction with the lag model at x/c=0.65, yields a slight improvement compared to the results without the lag model. The lag model has only a small influence on the velocity profile, which is not unexpected since the separation point and shock location differs from the experimental data.
The RAE2822 Case 10 has been extensively used for validation of Navier-Stokes codes applied to transonic airfoil flow, since it is being more sensitive with respect to different turbulence model applied (Kral 6 , Haase et al. 7 , Haase 8 and Thomas et al. 9 ).
In the comparative study of Kral 6 , several different turbulence models such as: the Baldwin-Lomax algebraic model, the Spalart-Allmaras one-equation model, four low-Reynolds-number 
Steady and Unsteady Transonic Flow around 18% thick circular-arc Airfoil
The second test case is the transonic flow over an 18% thick circular-arc airfoil. Previous experimental and numerical studies (McDevitt et al.
10
, Levy 11 and Rumsey et al.
12
) have indicated that, the flow over this circular-arc aerofoil exhibit varied behavior depending on the flow conditions. Three distinct regions have been observed for a fixed free-stream Reynolds number but varied Mach number; below a critical Mach number, the flow is steady with trailing edge separation, the flow is characterized by a weak shock wave near the midchord with trailing-edge flow separation. For larger Mach number, shock induced separation is encountered and the flow becomes unsteady, with unsteady shock motions on the upper and lower surface that are out of phase with each other. As the Mach number is increased, a steady shock reappears. It is sufficiently strong to induce flow separation. To study the influence of the lag model in this steady/unsteady shock induced oscillation problem, the computation is conducted for a fixed free-stream Reynolds number and three different mach numbers:
, 0.76, and . 
At
, the computation indicates the flow becomes unsteady with shock-induced oscillation. The typical lift coefficient (Cl) variation within one cycle is shown in Fig. 6(a) and a spectral analysis shown in Figs. 8(a) and (b) , respectively, along with the experimental data. As indicated by both figures, the flow well upstream of the shock (0<x/c<0.6) is close to its equilibrium state, therefore, the prediction of the lag and baseline model are identical. However, in the vicinity and downstream of the shock, the prediction with the lag model is significantly better than that with the baseline k-ω model.
To better understand the influence of the lag model, the streamlines of the flow and the contours of the turbulent eddy viscosity , compared to that between and with the lag model. The smaller turbulent viscosity causes less momentum transport from the freestream to the wall, thus increasing the probability for separation, which gives better accounts for the nonequilibrium part of the flow. 
Steady Separated Nozzle Flow
The third problem under investigation is a 2-D planar convergent-divergent separated nozzle flow as experimentally studied by Hunter 13 . The computational domain is shown in Fig.10 , which includes the ambient region surrounding the nozzle. Relative to the nozzle exit, it extends 30 throat-heights downstream, 25 throatheights upstream, and 25 throat-heights normal to the jet axis. The grid used in the computation is 1216x128 with the average first grid point near wall y+ < 1 which is shown in Fig.11 . As can be seen from the figure, the grids are clustered near the wall, nozzle throat, and the jet region.
For the inflow at AB we set, and NPR=3.0, respectively. It is obvious that, the lambda shock location predicted by the lag model is more upstream than these predicted without the lag model and closer to the experiment.
The streamlines of the flow and the turbulent eddy viscosity contour near the exit part of nozzle are shown in Figs.14 (a) and (b), respectively. As indicated in Fig.  14(a) , a separation vortex occurs in the vicinity of the nozzle exit. Like in the previous test cases the turbulent viscosity contour in Fig. 14(b) shows that the prediction with the lag model produces a lower value of t µ than the baseline model, thus better reflects the physics of separated flow.
CONCLUSIONS
A baseline k-ω turbulent model with and without a lag equation model is solved with a multigrid finite-volume method to examine shock induced separated flow. Three flow cases are considered, namely, transonic airfoil RAE2822, 18% thick circular-arc airfoil, and separated nozzle flow. The results are presented and compared with available experimental data. The main conclusions can be summarized as follows: 1) For the RAE2822 airfoil Case 10, which has strong flow separation, the improvement is slight with the inclusion of the lag model. The improvements are comparable to other models that are intended for such use. Like in previous studies the present calculations do not coincide with the experimental data.
2) Computations of the 18% thick circular-arc airfoil shows that, for the case with weak shock-induced separation ( and ), the influence of the lag model is not as significant. For the strong separation case ( and ), the shock location is significantly better predicted. In the unsteady shock induced oscillation studies ( and ) , the impact of the lag model is small. 
